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We study steady thin reaction fronts described by the Kuramoto-Sivashinsky equation that separates
fluids of different densities. This system may lead to hydrodynamic instabilities as buoyancy forces
interact with the propagating fronts in a two-dimensional slab. We use Darcy’s law to describe the
fluid motion in this geometry. Steady front profiles can be flat, axisymmetric, or nonaxisymmetric,
depending on the slab width, the density gradient, and fluid viscosity. Unstable flat fronts can be
stabilized having a density gradient with the less dense fluid on top of a denser fluid. We find the
steady front solutions from the nonlinear equations executing a linear stability analysis to determine
their stability. We show regions of bistability where stable nonaxisymmetric and axisymmetric fronts
can coexist. We also consider the stability of steady solutions in large domains, which can be
constructed by dividing the domain into smaller parts or cells. VC 2014 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4883500]
Reaction fronts described by the Kuramoto-Sivashinsky
(KS) equation can result in steady curved fronts as they
propagate in two-dimensional domains. Transitions
between these structures take place as the width of the
domain is modified. We consider these fronts separating
fluids of different densities, which may result in
Rayleigh-Taylor (RT) instabilities as a less dense fluid is
placed under a denser fluid. We find that convective fluid
motion takes place changing the shape and speed of the
fronts. In the case of curved fronts, convection always
exists due to a horizontal density gradient, even if the less
dense fluid is on top. We analyze the stability of the corre-
sponding fronts with convection. We also consider fronts
in extended domains generated from solutions in smaller
domains or cells, finding that a favorable density gradient
can provide a stability to an extended pattern.
I. INTRODUCTION
The dynamics of propagating fronts in physicochemical
systems, such as chemical waves or combustion, can be
described by a front reaction equation independently derived by
Kuramoto1 and Sivashinsky.2 The KS equation exhibits transi-
tions between steady flat fronts, curved fronts, and complex spa-
tiotemporal behavior as fronts propagate under different
conditions. This equation has found applications in other areas
such as phase turbulence,3 falling-film waves,4,5 and interfacial
instabilities in directional solidification.6 In particular, it was
determined that chemical waves presenting diffusive instabilities
due to substances with different diffusivities can be modeled
using the KS equation.7,8 Propagation of chemical fronts under
the effects of convection due to a Rayleigh-Taylor type of insta-
bility has been studied in several systems such as iodate-
arsenous acid mixtures,9–14 Belousov-Zhabotinskii reaction
inside a vertical tube,15 iron(II)-nitric acid reaction,16–18 the
chlorite-tetrathionate reaction,19–21 and the iodate-sulfate sys-
tem.22 The interaction of diffusive instabilities and fluid flow
was modeled by coupling hydrodynamics to the corresponding
reaction-diffusion equations.23,24 The effects of fluid flow on
fronts described by the KS equation were studied by imposing
an external Poiseuille flow, without taking into account density
differences across the front.25 Here, we analyze the behavior of
steady structures appearing from the combined effects of the dy-
namics of the KS equation and the RT instability. Depending on
the size of the domain, complex fronts can appear such as steady
curved fronts or chaotic fronts even without fluid flow.26
Previous work by Elliott and Vasquez established the stability of
flat fronts governed by the KS equation under density gra-
dients.27 However, this work did not analyzed the stability of
more complex fronts arising in the KS equation. These fronts are
not necessarily stable28 requiring new computational techniques
to obtain them and to analyze their stability under density gra-
dients, which is what we present in this paper. Structures in
larger domains have been study theoretically and experimentally
in systems such as thin falling films modeled with the KS equa-
tion,4,29 and Rayleigh-Taylor instabilities of thin layers.30 Our
work studies the interaction of structures in the KS equation in
large domains with fluid flow generated by density gradients.
In this work, we study the effects of the Rayleigh-Taylor
instability on steady fronts described by the KS equation.
We consider fronts propagating between two infinite vertical
plates separated by a small gap, containing two fluids of dif-
ferent densities. In this geometry, the fluid flow can be
approximated by Darcy’s law in two dimensions. This do-
main is bounded by two vertical boundaries separated by a
distance L, which corresponds to the slab width. As this dis-
tance is increased, the KS equation allows for the propaga-
tion of different fronts of steady shapes and symmetries. We
study the stability of this fronts that propagate with constant
speed as convective fluid motion sets in. We first search for
steady front solutions then we determine their stability using
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a linear stability analysis. We consider both cases, one where
the denser fluid is placed on top of a less dense fluid and the
opposite case. The slab width (L) is essential to study the
fronts, since it determines the speed and symmetry of steady
solutions of the Kuramoto-Sivashinsky equation. As L is
increased, we find that the flat front solution loses stability,
allowing for a steady curved front. This solution can be
placed side by side, leading to solutions in larger domains
consisting of a repeating cell. We obtain the conditions of
stability for this cellular structure.
II. EQUATIONS OF MOTION
We consider a two-dimensional slab confined by two in-
finite walls located at the coordinates X¼ 0 and X ¼ ~L con-
taining two fluids of different densities, one above the other.
These fluids are separated by a thin interface corresponding
to the reaction front (Fig. 1). The position of the front at time
T is described by the front height H(X,T). The time evolution
of the front is provided by the Kuramoto-Sivashinsky equa-
tion with the addition of the fluid flow
@H
@T
¼  @
2H
@X2
þ V0
2
@H
@X
 2
 j @
4H
@X4
þ VZ

Z¼H
: (1)
Here, VZ is the vertical component of the fluid velocity, to be
evaluated at the front height H. We also use a reference
frame moving at the speed of the flat front V0. The coeffi-
cients  and j depend on the particular physical system
under consideration.
In the case of diffusive instabilities, the parameter 
depends on the ratio of diffusivities of a reactant and an auto-
catalytic substance. According to Malevanets et al.,8 this pa-
rameter can be approximated by  ¼ 1 7ðd 1Þ=3ðdþ 1Þ
with d being the ratio of their diffusivities. The flat front
presents instabilities if  < 0, which in this approximation
corresponds to d> 2.5.
We use Darcy’s law to describe the motion of the fluid
inside the slab. In a Hele-Shaw cell, the coefficient of perme-
ability of a porous media can be approximated by w2/12,
where w is the gap width between two vertical walls31
~V ¼  w
2
12l
ð~rPþ qge^ZÞ: (2)
Here, ~V is the fluid velocity, P is the pressure, g is the accel-
eration of gravity in the vertical direction, e^Z is a unit vector
in the vertical direction pointing upward, and l is the
dynamic viscosity.
The fluid density changes abruptly across the interface,
therefore we can write the fluid density in terms of a step
function and the density difference between the two fluids
Dq. The density difference is positive when the denser fluid
is on top. We use the continuity equation, ~r  ~V ¼ 0, to write
the components of the fluid velocity in terms of a stream
function WðX; Z; TÞ. As a result, VX ¼ @W=@Z and
VZ ¼ @W=@X. Introducing these relations into Darcy’s law,
we obtain an equation for the stream function in terms of the
front height H
r2W ¼ w
2g
12l
Dq
@H
@X
dðZ  HÞ: (3)
The Dirac d function results from the derivative of the step
function. In addition, we use a Taylor expansion up to first
order for the vertical component of the fluid velocity since
we are considering only slow flows combined with the small
deviations from flat fronts. Assuming that j is non-zero, we
introduce time and length scales defined by
LT ¼ j=jj2; Lx ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðj=jjÞp , and Lz ¼ jj=V0 as in Ref. 27.
Using lowercase letters for the corresponding variables in
this system of dimensionless units, we solve Eq. (3) by intro-
ducing Fourier series on h and w. These Fourier series satisfy
the boundary conditions at the vertical walls,32 correspond-
ing to zero horizontal fluid velocity (vx¼ 0) and, zero first
and third derivatives for the front height
ð@h=@x ¼ @3h=@x3 ¼ 0Þ. Introducing the Fourier series into
Eq. (3), we solve for each component of the stream function
wn in terms of the Fourier coefficient of the front height Hn,
which leads to the fluid velocity at the front height.27
Consequently, we arrive to an equation that involves only
the front height h, and its Fourier coefficients
@h
@t
¼ ~ @
2h
@x2
þ 1
2
@h
@x
 2
 @
4h
@x4
þ Ra
2
X
n
np
L
 
Hncos
npx
L
 
:
(4)
Here, the x coordinate varies from 0 to L. We have defined
the dimensionless number Ra ¼ ðw2gDq =12lÞLx=. The
value of ~ is either plus or minus one, depending on the orig-
inal sign of . In this paper, we only consider the case
~ ¼ 1, which allows for unstable flat fronts, and steady
stable curved fronts.
III. NUMERICAL METHODS
A. Stationary solutions
We seek solutions of the form hðx; tÞ ¼ h0ðxÞ  ct,
where c is the constant velocity of the front. With this substi-
tution (and dropping the prime), Eq. (4) becomesFIG. 1. Sketch of the propagating front confined in a Hele-Shaw cell.
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c ¼  d
2h
dx2
 d
4h
dx4
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2
dh
dx
 2
þ Ra
2
X
n
np
L
 
Hncos
npx
L
 
:
(5)
We chose a reference frame moving with the same
constant front velocity c to make the front stationary, being
h(x) the spatial front profile in this reference frame and Hn
the Fourier coefficients of h. The boundary conditions, zero
first and third derivatives for the front height, allows for
different solutions up to a constant. We solve Eq. (5) using
a non-linear shooting method together with a recursive,
self-consistent iteration. We transform Eq. (5) into a set of
four first-order ordinary differential equations (ODEs) by
defining each high-order derivative as a new variable. We
chose h¼ 0 at x¼ 0, with the choice being arbitrary since
adding any constant to a solution will still be a solution.
We first find a solution of Eq. (5) for Ra¼ 0. We have two
free parameters to start the shooting method and satisfy the
remaining boundary conditions at x¼L. One of them is the
speed c and the other is the second derivative d2h/dx2 at
the starting point x¼ 0. After giving guessing values to
these parameters, we integrate the equations with a simple
Euler method to reach x¼L. We adjust the parameters to
obtain the correct boundary conditions at x¼L. Once we
have the solution for Ra¼ 0, we calculate the Fourier coef-
ficients Hn for this solution. We keep these values constant
to restart a shooting method with a small chosen value of
Ra, which leads to a modified solution of h. We repeat this
process until the solution remains unchanged. In this man-
ner, we obtained a solution for nonzero Rayleigh number
Ra. The calculations used a 25-term truncation for the
Fourier coefficients, obtaining no significant difference in
the front speed with fewer terms. We used 105 points with
the Euler method in the interval 0  x  L, a similar calcu-
lations using a fourth-order Runge-Kutta method did not
yield significant difference. The front profile is recon-
structed from its Fourier coefficients using a spatial grid of
1000 points.
B. Linear stability analysis
We analyze the stability of the fronts using small pertur-
bations to the stationary state solutions. We introduce in Eq.
(4) the solution h(x) with the addition of a perturbation
H0ðx; tÞ, keeping only linear terms the equation becomes
@H0
@t
¼  @
2H0
@x2
 @
4H0
@x4
þ @h
@x
 
@H0
@x
 
þ Ra
2
X
n
np
L
 
H
0
ncos
npx
L
 
: (6)
We look for solutions of the form
H0ðx; tÞ ¼ ert ~HðxÞ; (7)
where r is the growth rate of the perturbation. With this sub-
stitution, Eq. (6) becomes an eigenvalue equation, with r the
eigenvalue and ~H the eigenfunction
r ~H ¼  d
2 ~H
dx2
 d
4 ~H
dx4
þ dh
dx
 
d ~H
dx
 
þ Ra
2
X
n
np
L
 
~Hncos
npx
L
 
: (8)
This equation determines the stability of h(x), since solutions
with negative real part of r will decay with time. Introducing
the Fourier series for h(x) and ~HðxÞ and projecting over the
corresponding cosine function, we obtain a linear set of
eigenvalue equations on the coefficients ~Hp
r ~Hp ¼ pp
L
 2
~Hp  pp
L
 4
~Hp þ
X
m
Apm ~Hm
þ Ra
2
pp
L
 
~Hp for p  1; (9)
where
Apm ¼ m
2
p
L
 2X
n
nhn djnmj;p  dnþm;p
 
: (10)
The eigenvalues and eigenvectors are obtained numerically
using the CG subroutine in the EISPACK package.33 The
calculations used 25-term truncation obtaining no significant
difference with fewer terms. The front will be stable if all of
the eigenvalues have negative real part. Thus, if the eigen-
value with the largest real part is negative, the front is stable.
IV. RESULTS
A. Steady solutions
We obtain fronts of steady shape moving with constant
velocity for different values of the slab width L. Previous
works12–14 showed that flat fronts without convection become
unstable for widths larger than a critical value that depends on
the Rayleigh number Ra. In some cases, the fronts are sym-
metric with respect to a line parallel to the vertical z direction
and passing through the center of the two-dimensional domain
at x¼L/2, we call this line the central axis. We first obtain
stationary fronts when the denser fluid is on top (Ra¼ 0.5) for
different slab widths. The front profile can be flat, axisymmet-
ric, or nonaxisymmetric depending on the distance L between
the vertical walls and the value of the parameter Ra. In Fig. 2,
we show four different front profiles, with the front height
function measured relative to the average front height.
Without fluid motion at L¼ 3.5, a nonaxisymmetric front
develops due to the instability of the flat front for L > p.27
This profile has a horizontal density gradient that leads to a
single convective roll, which in turns modifies the front,
resulting in the structure displayed in Fig. 2(a). This front is
nonaxisymmetric having one side higher than the other side
near the wall, the fluid rises on the higher side falling on the
opposite side. In Fig. 2(b), we show a stable axisymmetric
front with a single maximum in the center of the slab for
L¼ 7.0. This stable axisymmetric front can exist even without
fluid flow. When fluid motion is present, density gradients
generate two convective rolls in which the fluid rises in the
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middle and falls near the walls enhancing the position of the
front maximum. This maximum takes a value of 3.59 compare
to 2.46 without fluid motion. In contrast, Fig. 2(c) shows an
unstable nonaxisymmetric front with a minimum near the cen-
ter of the slab for L¼ 7.0. The fluid falls near the central axis
and rises near the walls. Fig. 2(d) displays another unstable
nonaxisymmetric front with three inflection points and a sin-
gle convective roll, but without relative maximum or mini-
mum (L¼ 8.5). The flat front is also a solution for these
values of L. All these fronts have steady shape, each moving
at different constant velocities. We will analyze the stability
of these types of fronts in detail in Sec. IVB.
In the case of having fronts separating the reactants with
a denser fluid on top of a less dense fluid (Ra> 0), buoyancy
forces provide an additional mechanism to destabilize the
front. We obtain stationary fronts in a reference frame
comoving with the front for different values of the domain
width L, while keeping the value of the Rayleigh number
constant (Ra¼ 0.5). We show in Fig. 3, the velocities of
these fronts relative to the velocity of the flat front as a func-
tion of L. The fronts shapes and velocities were obtained
using Eq. (5), while their stabilities are determined from the
FIG. 2. Fronts with corresponding fluid velocities inside a Hele-Shaw cell. The front height is measured from the average front height. The Rayleigh number is
Ra¼ 0.5, having the denser fluid on top of the less dense fluid. (a) Nonaxisymmetric front with a single convective roll (L¼ 3.5). (b) Axisymmetric front hav-
ing two convective rolls with fluid going up in the middle and falling near the walls (L¼ 7.0). (c) Nonaxisymmetric front having a minimum, fluid falls near
the central axis (L¼ 7.0). (d) Nonaxisymmetric front showing a single convective roll rotating clockwise (L¼ 8.5).
FIG. 3. Front velocities relative to the flat front for different distances
between the walls (L). The Rayleigh number is Ra¼ 0.5. The thick solid
line (A) corresponds to stable nonaxisymmetric fronts. The solid line (B)
corresponds to stable axisymmetric fronts. The dashed line (E) corresponds
to unstable axisymmetric fronts. Broken lines (C, D, and F) correspond to
unstable nonaxisymmetric fronts.
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growth rates using Eq. (9). We will compare this figure with
the results of Ref. 25 that provides the front velocities and
corresponding conditions of stability without fluid flow
(Ra¼ 0). We will focus on how these front velocities are
affected by changing the Rayleigh number (Ra). In Fig. 3,
the flat front has velocity equal to zero, being always a solu-
tion regardless of the value of L. The flat front becomes
unstable for L> 2.83, a value smaller than the critical width
for instability without density differences ðL ¼ pÞ indicating
the destabilizing effect of buoyancy. Branches A and B cor-
respond to the velocity of nonaxisymmetric and axisymmet-
ric solutions, respectively. The speed of these branches was
previously reported in Ref. 27, however, the scale in Fig. 3
of that reference is off by a factor of
ﬃﬃﬃ
2
p
, therefore our new
calculations should replace the previous results. These
branches meet each other at L¼ 5.71. The solutions of these
branches are stable, reaching both branches a maximum
speed of 3.46 in contrast to the maximum speed of 1.60
obtained without density differences. The symmetry of Eq.
(5) implies that the reflection of a nonaxisymmetric solution
about the central axis is also a solution with the same veloc-
ity. In addition, the central axis splits axisymmetric solutions
in branch B into two mirrored nonaxisymmetric solutions
corresponding to branch A. For this reason, branches A and
B have the same maximum speed. Branch B also contains
two solutions, for each value of L, with the same velocity.
These solutions are concave downward (having a maximum)
and concave upward (having a minimum), with the concave
downward solutions stable. The solutions in branch E are
also axisymmetric, but they are unstable. These solutions
coexist with those of branch A in the interval
5.67<L< 5.71. Branches C, D, and F correspond to the
velocities of other unstable nonaxisymmetric solutions.
Branch C meets branch B near the top, but its velocity
decreases as width L increases, until it finally meets branch
F at L¼ 8.55. Branch F begins in L¼ 8.51, having higher
velocities for larger values of L. It meets branch D in two
points. One of these points is near the maximum speed of
branch D, which has solutions with two different velocities
for each value of L in the interval 8.24<L 8.54.
We also study propagating fronts where the less dense
fluid is on top of the denser fluid (Ra< 0). We show in
Fig. 4, the velocities of stationary fronts relative to the veloc-
ity of the flat front for different values of the domain width
L, while keeping the value of the Rayleigh number constant
(Ra¼0.5). The transition from stable flat front solutions
(branch G) to stable nonaxisymmetric front solutions (branch
A) occurs at L¼ 3.74, here buoyancy forces contribute to
stabilize the flat front since the transition without fluid flow
takes place at L ¼ p. The maximum speed of nonaxisymmet-
ric solutions (branch A) and axisymmetric solutions (branch
B) is the same, but it is almost ten times smaller than the pre-
vious case with Ra¼ 0.5. These branches meet each other at
L¼ 7.51. Branch B also contains two solutions with the
same velocity, one being concave downward and the other
concave upward. Nonaxisymmetric solutions described by
branches C, D, and F, are unstable. Branch C meets branch B
near its maximum, then its velocity decreases as width L
increases until it meets branch F at L¼ 11.25. Branch D
meets branch C at L¼ 11.23 and branch F at L¼ 11.26.
Branch F increases its speed faster than D as L increases, but
not as fast as in the case without density differences. As a
result, when the less dense fluid is on top of a denser fluid,
the speed of the stationary fronts decreases.
B. Stability analysis
We determine the stability of the steady fronts by calcu-
lating the growth rate r for small perturbations to the fronts
using Eq. (9). The front is unstable when the largest real part
of the growth rate Re(r) is positive since the perturbations
will grow exponentially. The results of the linear stability
analysis of the stationary fronts whose velocities were shown
in Fig. 3 are summarized in Fig. 5. These stationary fronts
FIG. 4. Front velocities for different distances between the walls (L). The
Rayleigh number is Ra¼0.5. The thick solid line (A) corresponds to sta-
ble nonaxisymmetric fronts. The solid line (B) corresponds to stable axisym-
metric fronts. The dashed line (E) corresponds to unstable axisymmetric
fronts. Broken lines (C, D, and F) correspond to unstable nonaxisymmetric
fronts.
FIG. 5. The largest real part of the eigenvalues r for different distances L
between walls. The Rayleigh number is Ra¼ 0.5. The front is unstable when
the largest real part of the eigenvalues r is positive. The thickest solid line
(A) corresponds to nonaxisymmetric fronts. Solid line B1 corresponds to
concave downward axisymmetric fronts and solid line B2 corresponds to
concave upward axisymmetric fronts. Broken lines (C, D, and F) correspond
to nonaxisymmetric fronts. The dashed line (E) corresponds to other axisym-
metric fronts. Solid line G corresponds to flat fronts.
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were obtained with Ra¼ 0.5 (a denser fluid on top). Flat
front solutions (branch G) are unstable except for L< 2.83,
where they are the only solutions, because their values of
Re(r) are negative. The nonaxisymmetric solutions associ-
ated with branch A are stable because all their values of
Re(r) are also negative. There are two axisymmetric solu-
tions with the same propagation velocities for each value of
L in the domain under consideration. These solutions can be
concave downward or concave upward, and their real parts
of their growths rates are represented by lines B1 and B2,
respectively. Fig. 5 shows a region of bistability for these
axisymmetric solutions in the interval 6.82<L< 7.76. This
region is 20% shorter than the other obtained in a previously
work without density differences.25 Branch E corresponds to
the region where these two concave downward and concave
upward axisymmetric solutions are unstable. Branches C, D,
and F are associated to distinct nonaxisymmetric solutions.
All these solutions are unstable, except for branch D in the
range 8.24<L< 8.54, where these values are negative. The
corresponding fronts to branch D without convection were
unstable; consequently, the denser fluid on top of a less
dense one results in stabilizing unstable nonaxisymmetric
fronts in this narrow range. It also increased the front
propagation speed. Moreover, increasing the magnitude of
Ra beyond Ra¼ 0.5 increases the region of stability of
branch D.
We also calculate the stability of the steady fronts with
velocities shown in Fig. 4. These fronts were obtained with
Ra¼0.5 (less dense fluid on top). We show the results of
the largest real part of the growth rate Re(r) for front pertur-
bations in Fig. 6. Flat front solutions associated with branch
G are stable for L< 3.74. They are the only solutions in this
range. Nonaxisymmetric fronts (branch A) also increase its
range of stability in contrast to the case without density dif-
ferences. However, its values of Re(r) have smaller magni-
tudes. The real parts of growth rates of concave downward
and concave upward axisymmetric fronts are represented by
lines B1 and B2. These axisymmetric solutions have the
same propagation velocity. However, the concave downward
solution is always stable in the domain (L> 7.51), whereas
the concave upward fronts are stable in the interval
8.66<L< 10.60, becoming a region of bistability. The size
of this region is almost two times greater than the one
obtained with the denser fluid on top of the less dense fluid
(Ra¼ 0.5). The nonaxisymmetric solutions associated with
branches C, D, and F are unstable, but their maximum mag-
nitudes of Re(r) have also decreased. Consequently, having
the less dense fluid on top of the denser fluid increases the
region of bistability of axisymmetric fronts, but decreases
the magnitude of the negative values of the growth rates.
The formation of different types of steady front depends
on the values of the Rayleigh number and the domain length
L. In Fig. 7, we display the corresponding values that lead to
steady axisymmetric and nonaxisymmetric fronts. The non-
axisymmetric fronts corresponds to solutions displayed as
Branch A in Fig. 3, they have a higher side near the wall
with a single convective roll. There are two types of axisym-
metric fronts associated to branch B, one is concave down-
ward (branch B1) and the other is concave upward (branch
B2). For large enough values of Ra and small values of L, we
find stable flat fronts. Increasing L leads to the formation of
nonaxisymmetric fronts (branch A), while increasing it fur-
ther leads to axisymmetric fronts (branch B1). However, for
Ra<0.65, this behavior is not longer observed, while
increasing L allows the formation of nonaxisymmetric
fronts, increasing L further leads to steady stable flat fronts
instead of axisymmetric fronts. We also observe a region of
bistability between concave upward and concave downward
axisymmetric fronts, this region of bistability clearly
increases when Ra<0.65. Eventually, all curve fronts van-
ish at Ra¼0.769, having only stable flat fronts. We
observe larger regions of stability for nonaxisymmetric and
axisymmetric fronts when the less dense fluid is on top.
FIG. 6. The largest real part of the eigenvalues r for different distances L
between walls. The Rayleigh number is Ra¼0.5. The front is unstable
when the largest real part of the eigenvalues r is positive. The thickest solid
line (A) corresponds to nonaxisymmetric fronts. Solid line B1 corresponds
to concave downward axisymmetric fronts and solid line B2 corresponds to
concave upward axisymmetric fronts. Broken lines (C, D, and F) correspond
to nonaxisymmetric fronts. The dashed line (E) corresponds to other axisym-
metric fronts. Solid line G corresponds to flat fronts.
FIG. 7. Regions of stability for nonaxisymmetric fronts (branch A) and axi-
symmetric fronts (branches B1 and B2), for different values of the Rayleigh
number (Ra) and the domain length L. The region of stable axisymmetric
fronts is bounded by open squares. The region bounded by dark squares cor-
responds to stable concave downward axisymmetric fronts (branch B1),
while the region bounded by dark circles corresponds to a bistability region
between concave downward and concave upward axisymmetric fronts (B2).
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C. Cellular solutions
For larger values of L, we find solutions that can be con-
structed using fronts developed in smaller cells. In this case,
a larger pattern can be formed by placing the cell solutions
side by side. For example, the axisymmetric pattern for
L¼ 7 shown in Fig. 2(b) corresponds to two nonaxisymmet-
ric patterns formed with L¼ 3.5. Similarly, a concave
upward axisymmetric pattern can be formed with other two
nonaxisymmetric patterns with L¼ 3.5. As a consequence,
both axisymmetric patterns with L¼ 7.0 share the same
propagating speed, but not necessarily the same conditions
of stability. This construction is similar to the one used in
Refs. 28, 34, and 35 to study fronts without convection. In
Fig. 8, we show the velocities corresponding to cellular pat-
terns for different values of the Rayleigh number and their
respective stabilities. Branches A, C, and E correspond to
nonaxisymmetric solutions, whereas branches B and D cor-
respond to axisymmetric solutions. Solid lines correspond to
stable fronts, while broken lines correspond to unstable
fronts. Fig. 8(a) displays the velocities of cellular patterns
when the denser fluid is on top with Ra¼ 0.5. The axisym-
metric solutions of branch B correspond to two mirrored
nonaxisymmetric solutions of branch A; the solutions of
branch C correspond to joining solutions of branches A and
B, forming an undulating curve; the solutions of branch D
correspond to joining solutions of branches A and C, forming
an undulating curve; and so on. Consequently, the maximum
speed for each branch is the same, being located at a width
equal to nL1, where L1¼ 3.42 is the location of the speed
maximum for the smallest cell, n is an integer.
Nonaxisymmetric stable solutions associated with branch A
appear for L> 2.83, where flat front solutions become unsta-
ble. Concave upward and concave downward axisymmetric
fronts are represented by branch B sharing a region of bist-
ability. However, the region of stability of the concave
downward axisymmetric fronts is greater than the concave
upward fronts. This region is represented by a solid line in
branch B, which breaks for L> 10.28 indicating transition to
unstable solution. Branch D also contains two solutions with
the same velocity. These axisymmetric solutions have a
maximum or minimum in the central axis. They are unstable
except for the interval 13.65<L< 15.12, which is also a
region of bistability for these axisymmetric fronts. The non-
axisymmetric solutions associated with branches A, C, and
E, also have two solutions with the same velocity for each
value of L in their respective domain. However, one of these
solutions is the reflection of the other about the central axis,
because of the symmetry of Eq. (5). Consequently, these
nonaxisymmetric branches have the same values of Re(r),
the real parts of their growth rates. We found that although
the speeds of the cellular patterns are determined by the
speed of the smallest cell, they do not share the same condi-
tions of stability.
We study the formation of cellular structure with the
less dense fluid on top of the denser fluid for Ra¼ 0.5. We
show the front velocities as a function of L in Fig. 8(b).
Although all the branches have the same maximum speed,
this maximum speed is smaller than the previous case, where
the denser fluid was on top. Each new cellular structure
appears at a length that is an integer number of the smallest
cell length. We also notice that these lengths take place at
larger values of L compared to the values for positive
Rayleigh numbers, thus indicating the stabilizing effect of
the density gradient (less dense fluid on top).
Nonaxisymmetric solutions (branch A) are stable. Concave
downward axisymmetric fronts represented by branch B,
become stable for L> 13.62. They share a region of
FIG. 8. Front velocities for different distances between the walls (L). Solid
lines correspond to stable fronts; broken lines correspond to unstable fronts.
Lines A, C, and E correspond to distinct nonaxisymmetric fronts, whereas
lines B and D correspond to distinct axisymmetric fronts. The respective
Rayleigh numbers are (a) Ra¼ 0.5, (b) Ra¼0.5, and (c) Ra¼0.75.
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bistability with concave upward fronts, which have a small
region of stability. Branch C corresponds to nonaxisymmet-
ric solutions formed by three cells, and they share a region of
bistability with the axisymmetric fronts solutions of branch
B. Branch D is associated to other axisymmetric solutions
with the same velocity, having a central maximum (or mini-
mum). The range of stability of these types of fronts is
greater than the previous case (Ra¼ 0.5), but the absolute
value of the real part of the growth rates decreases as L
increases, indicating a slower decay for small perturbations.
To study the stabilizing effects of a density gradient
with the less dense fluid on top, we reduce the value of the
Rayleigh number to Ra¼0.75, obtaining the velocities of
stationary fronts for different values of the domain width L
(Fig. 8(c)). The maximum speed of the fronts is much
smaller than the previous two cases. In contrast with those
cases, where the flat front is always unstable after a critical
value of the length L, here the flat front is unstable in sepa-
rated intervals. For example, it becomes unstable at
L¼ 4.82, but then is stable at L¼ 6.28, becoming unstable
once again at L¼ 9.64. Increasing beyond a large value of L,
the intervals of stability disappear, being the flat front unsta-
ble. Therefore, increasing the magnitude of the Rayleigh
number with the less dense fluid on top of the denser fluid
increases the regions of stability of flat front solutions, also
diminishing significantly the maximum speed of the station-
ary fronts. While in previous cases we have two different
axisymmetric solutions sharing the same speed but with dif-
ferent ranges of stability, here we find that they also share
the growth rates. This happens because with Ra¼0.75,
one of the two fronts is the reflection of the other about the
average front height, which is not the case for Ra¼0.5.
Each of the structures from A to E, present a minimum for
the real part of the growth rate, with this minimum being
almost the same for structures containing different cells.
This did not occur with the previous values of the Rayleigh
number. The stabilizing effect of Ra¼0.75 led not only to
more stable flat fronts but also provided a stabilizing mecha-
nism for extended patterns in larger domains. If we continue
to increase the magnitude of the Rayleigh number beyond
Ra¼0.769, we find only the flat front as a solution, with-
out cellular structures, which is consistent with the linear sta-
bility analysis of the flat fronts.27
V. SUMMARYAND DISCUSSION
We studied thin reaction fronts moving across density
gradients within a two-dimensional slab using the KS equation
with the addition of fluid flow. Without fluid flow, the flat
front loses stability as we increase the slab width L, leading
first to a stable nonaxisymmetric front, and later to a stable
axisymmetric front. Including density gradients, flat fronts can
remain convectionless in small domains, while the originally
curved fronts will generate convective fluid motion due to
their horizontal density gradient. We find similar transitions
between fronts as we vary the slab width L for Ra¼ 0.5; how-
ever, the transitions to new solutions take place at different
values of L. In the case of Ra¼0.5, the transitions occur at
larger values, indicating the stabilizing effect of the negative
density gradient. However, for Ra¼0.75, we found that the
flat front becomes stable once again after a nonaxisymmetric
pattern had appeared. Therefore, the stabilizing effect of the
negative density gradient for flat front solutions increases as
the Rayleigh number becomes more negative. In addition, we
found for Ra¼0.75 extended patterns for larger values of
the slab width L.
The transition from nonaxisymmetric to axisymmetric
front profiles depends on the slab width L and the dimension-
less Rayleigh number Ra. We also find stable axisymmetric
fronts that have a maximum (concave downward fronts)
sharing a small region of bistability with concave upward
fronts. This region of bistability increases when the less
dense fluid is on top, but the front propagation velocity
decreases.
We also show that fluid motion contributes to define the
front shape. In the case of axisymmetric front profiles, for
larger values of Ra, the maximum front height increases with
respect to the front height without convection since fluid will
tend to rise through the middle of the slab. On the contrary,
for negative values of Ra, the maximum front height
decreases since the fluid motion is opposite, with falling fluid
near the axis. We also analyzed the stability of fronts in
extended domains arising from placing together solutions in
smaller domains, or cells. We find that negative Rayleigh
numbers can increase the domain of stability of these struc-
tures. However, there is a lower limit for the Rayleigh num-
ber (Ra¼0.769) below which these cellular structures no
longer appear, where the only solutions correspond to stable
flat fronts. Here, we have presented a theory based on the KS
equation, which can be applied to different physical situa-
tions, its simplicity allowed us to track and analyze some
complex fronts. We found stable convective fronts with
extended structures under favorable density gradients, they
may also be found in similar systems (either experimentally
or theoretically), such as reaction-diffusion-convection sys-
tems with diffusive instabilities.
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